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INTRODUCTION
Silicon micromachined microball bearings can potentially provide low-friction, robust support in micromachines. Figure 1 shows the schematic of a linear microball bearing, consisting of two silicon plates (slider and stator) and commercially available stainless-steel microballs of diameter 285 µm. Two parallel Vgrooves, which house the balls, are etched into the plates with potassium hydroxide (KOH). A non-intrusive, vision-based experimental setup was built [1] and then improved [2] to investigate the microtribological behavior of such linear bearings. It was found that the rolling friction demonstrates dependency on the relative velocity between the slider and the stator [3] . In particular, a viscous behavior is dominant at low velocities and then the friction reaches the peak value at a critical velocity. In this paper a viscoelastic model is proposed to explain the observed behavior. Inspired by the work of Poschel et al. on rolling friction of a hard cylinder on a viscous plane [4] , we model the groove plane as a continuum of mass-spring-damper elements with the masses moving perpendicular to the plane. The distinction is that the 3D geometry needs to be addressed here while a 2D geometry was considered in the case of a cylinder [4] . Moreover, the comparable hardness demonstrated by silicon and steel entails appropriate modification of the assumption of a hard body rolling on a viscous plane. Figure 2 (a) depicts a ball of radius R rolling on a viscous plane with forward velocity v along the x-axis. The y-axis is defined to point into the paper, while the z-axis points upward with z = 0 representing the plane. If the ball were rigid, it would deform the plane with certain depth of penetration h . However, for the case of linear microball bearings, the stainless-steel balls and the silicon grooves have close hardness and Young's moduli and thus both should be treated as viscous. One may approximate the deformation of the plane in this case as α of that for the rigidball case, 0 < α < 1. In this paper we take α = 0.5 (thus h = 2h) considering the comparable elastic moduli of contact surfaces. − h, for all (x, y) in the contact area A C , where (x c , y c ) is the projection of the center onto the x − y plane.
MODEL
A system of independent mass-spring-damper elements moving in the z− direction was used to model the viscoelasticity of the plane [4] . It can be shown that this model also applies to the case of bearings described above, where the inertial, elastic, and viscous parameters (m, k, and γ) reflect the properties of both the ball and the plane. The force acting on the element at (x, y) is:
Here the velocity v is assumed to be constant, and (ξ x , ξ y ) = (x − x c , y − y c ). The contact area A C is the intersection of two disks (Fig. 2(b) ), where the leading edge is defined by the geometry, and the trailing edge by the condition f (x, y) = 0. In the figure, r + = 2 √ Rh,
, and the disk on the right is centered at ( γv k , 0). In addition to the force distribution inside A C , there is a force distribution along the leading edge B, accelerating the mass elements from 0 to finite values in infinitesimal time and contributing to a finite force F B .
Balancing the forces leads to C A f (x, y)dxdy + F B + F N = 0, where F N is the normal force acting on the ball. Given v, the penetration depth h is implicit in the equation and can be solved using a fixed-point algorithm. The rolling friction F f ric is then computed from F f ric v = A C f (x, y)ż(x, y)dxdy + P B , where the first term represents the mechanical energy per time imparted into the contact area and P B is the kinetic energy per time transferred to the leading edge. Figure 3 (a) compares the computed dynamic coefficient of friction (COF) with experimental measurements [3] , and 
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